The discriminator of an integer sequence s = (s(i)) i≥0 , introduced by Arnold, Benkoski, and McCabe in 1985 , is the map D s (n) that sends n ≥ 1 to the least positive integer m such that the n numbers s(0), s(1), . . . , s(n − 1) are pairwise incongruent modulo m. In this note we consider the discriminators of a certain class of sequences, the k-regular sequences. We compute the discriminators of two such sequences, the socalled "evil" and "odious" numbers, and show they are 2-regular. We give an example of a k-regular sequence whose discriminator is not k-regular.
Discriminators
Let s = (s(i)) i≥0 be a sequence of distinct integers. For each n ≥ 1, if the n numbers s(0), s(1), . . . , s(n − 1) are pairwise incongruent modulo m, we say that m discriminates them. For n ≥ 1 we define D s (n) to be the least positive integer m that discriminates the numbers s(0), s(1), . . . , s(n − 1); such an m always exists because of the distinctness requirement. Furthermore, we set D s (0) = 0, but usually this will be of no consequence. The function (or sequence) D s (n) is called the discriminator of the sequence s, and was introduced by Arnold, Benkoski, and McCabe [3] . They proved that the discriminator D sq (n) of the sequence (n + 1) if n = 2; 6, if n = 3; 9, if n = 4; min{k : k ≥ 2n and (k = p or k = 2p for some prime p) }, if n > 4.
More recently, discriminators of various sequences were studied by Schumer and Steinig [13] , Barcau [4] , Schumer [12] , Bremser, Schumer, and Washington [6] , Moree and Roskam [9] Moree [7] , Moree and Mullen [8] , Zieve [16] , Sun [15] , and Moree and Zumalacárrequi [10] .
In this paper we recall the definition of k-regular sequences, an interesting class of sequences that has been widely studied. We introduce two well-known 2-regular sequences, the so-called "evil" and "odious" numbers. We prove that their discriminators are 2-regular. Finally, we give an example of a k-regular sequence whose discriminator sequence is not k-regular.
In the sequel, we use the following notation. Let Σ k denote the alphabet {0, 1, . . . , k − 1}. If x ∈ Σ * k is a string of digits, then [x] k denotes the value of x when considered as a base-k number. If n is an integer, then (n) k is the string giving the canonical base-k representation of n (with no leading zeroes). If x is a string of digits, then |x| denotes the length of the string x, and |x| a denotes the number of occurrences of the letter a in x. Finally, x n = n xx · · · x for n ≥ 0.
By S + i, for S a set of integers and i an integer, we mean the set {x + i : x ∈ S}. For sets S and T , we write S ⊔ T to denote the union of S and T , and the assertion that this union is actually disjoint.
k-regular sequences
Let k ≥ 2 be an integer. The k-regular sequences are an interesting class of sequences with pleasant closure properties [1, 2] . They can be defined in several equivalent ways, and here we give three: -They are the class of sequences (s(n)) n≥0 such that the set of subsequences of the form {(s(k e n + i)) n≥0 : e ≥ 0 and 0 ≤ i < k e } is a subset of a finitely-generated Z-module.
-They are the class of sequences (s(n)) n≥0 for which there exist an integer r ≥ 1, a 1 × r row vector u, an r × 1 column vector w, and an r × r matrix-valued morphism µ with domain Σ * k such that s(n) = uµ(v)w for all strings v with [v] k = n.
-They are the class of sequences such that there are a finite number of recurrence relations of the form
where e ≥ 0, e j < e, 0 ≤ i < k e , and 0 ≤ i j < k e j , that completely determine all but finitely many values of s.
The k-regular sequences satisfy a number of nice closure properties. We recall the following (see [1] ): Theorem 1. Let r = (r i ) i≥0 and s = (s i ) i≥0 be two k-regular sequences of integers, and let m ≥ 1 be an integer. Then so are
The evil and odious numbers
The so-called "evil" and "odious" numbers are two examples of 2-regular sequences; they are sequences A001969 and A000069 in Sloane Clearly the union of these two sequences is N, the set of all non-negative integers. To see that these two sequences are 2-regular, note that both sequences satisfy the recurrence relations
f (4n + 3) = 6f (n) − 3f (2n) + 2f (2n + 1), which can be proved by an induction using the characterization in [1, Example 12] . Let O n = {od(i) : od(i) < n} (resp., E n = {ev(i) : ev(i) < n}) denote the set of all odious (resp., evil) numbers that are strictly less than n.
Lemma 2. (a) For
Proof. (a) Let 0 ≤ n < 2 i . These n can be placed in 1-1 correspondence with the binary strings w of length i, using the correspondence [w] 2 = n. For each binary string x of length i − 1, either x0 is odious and x1 is evil, or vice versa. Thus there are 2 i−1 odious numbers less than 2 i , and 2 i−1 evil numbers less than 2 i .
Since the base-2 expansion of n − 2 i differs from that of n by omitting the first bit, clearly n − 2 i is evil iff n is odious.
(c) Just like (b).
This gives the following corollary:
Discriminator of the odious numbers
We now turn our attention to the discriminators for the evil and odious numbers, starting with the odious numbers. First, we need to prove the following useful lemma.
Lemma 4. Let i ≥ 1 and 1 ≤ m < 2 i . Then there exist two odious numbers j, ℓ with
Proof. Let w = (m) 2 . There are three cases according to the form of w.
2. w = x01y, where |xy| 1 is odd. Take j = 2 |y|+1 . Then ℓ = m + 2 |y|+1 . Now (ℓ) 2 = x11y, and clearly |x11y| 1 is odd, so ℓ is odious.
3. w = x01y, where |xy| 1 is even. Take j = 2 |y| . Then ℓ = m + 2 |y| . Now (ℓ) 2 = x10y, and clearly |x10y| 1 is odd, so ℓ is odious.
With the help of this lemma, we can compute the discriminator for the sequence of odious numbers.
Theorem 5. For the sequence of odious numbers, the discriminator
for n ≥ 1.
Proof. The cases n = 1, 2 are left to the reader. Otherwise, let i ≥ 1 be such that 2
. There are two cases:
Case 1: n = 2 i +1. We must compute the discriminator of od(0), od (1), . . . , od(2 i ) = 2 i+1 . By Lemma 4, for each m < 2 i+1 , there exist odious numbers j, ℓ with 1
with ℓ − j = m. So the numbers od(0), od (1), . . . , od(2 i ) cannot be pairwise incongruent mod m for m < 2 i+1 . On the other hand, since 0 is not odious and each of the numbers od(0), od (1), . . . , od(2 i ) are less than 2 i+1 except the very last (which is 0 mod 2 i+1 ), clearly 2 i+1 discriminates od(0), od (1), . . . , od(2 i ).
If we now take both sides modulo 2 i+1 , we see that the right-hand side is just O 2 i+1 ⊔ E 2 i+1 , which represents all integers in the range [0, 2 i+1 ).
Empirically, many interesting sequences of positive integers seem to have discriminator 2 ⌈log 2 n⌉ . However, of all such sequences, the odious numbers play a special role: they are the lexicographically least.
Theorem 6. The sequence of odious numbers is the lexicographically least increasing sequence of positive integers s such that
Proof. We prove this by contradiction. Suppose there exists a sequence of increasing positive integers, s(0), s(1), . . ., that is lexicographically smaller than the sequence of odious numbers but shares the same discriminator, D s (n) = 2 ⌈log 2 n⌉ . Let j denote the first index such that s(j) = od(j), i.e., s(j) < od(j), since s is a lexicographically smaller sequence than the odious numbers. We can see that s(j) must be evil, because od(j) is the next odious number after od(j − 1) = s(j − 1). Note that since od(0) = 1 is the smallest positive integer, necessarily j ≥ 1. Now let i ≥ 0 be such that 2 i ≤ j < 2 i+1 . In that case, the discriminator of the sequence s(0), s(1), . . . , s(j) is D s (j + 1) = 2 ⌈log 2 (j+1)⌉ = 2 i+1 . However, s(j) also discriminates this sequence, which implies that s(j) ≥ D s (j + 1) = 2 i+1 . Note that by the definition of j, this means that all odious numbers less than 2 i+1 are present in the sequence s(0), s(1), . . . , s(j). Furthermore, we have s(j) < od(j) < od(2 i+1 ) = 2 i+2 . So 2 i+1 ≤ s(j) < 2 i+2 , which means that the largest power of 2 appearing in the binary representation of s(j) is 2 i+1 .
Therefore s(j) mod 2 i+1 = s(j) − 2 i+1 is odious. However, s(j) mod 2 i+1 < 2 i+1 . But the sequence s(0), s(1), . . . , s(j) contains all odious numbers less than 2 i+1 , which therefore includes the result of s(j) mod 2 i+1 . In other words, s(j) is congruent to another number in this sequence modulo 2 i+1 , i.e., D s (j + 1) = 2 i+1 , which is a contradiction.
Discriminator of the evil numbers
We now focus on the discriminator for the sequence of evil numbers. Here, we need to utilize a similar lemma as before.
Lemma 7. Let
Proof. Let w = (m) 2 . There are several cases according to the form of w.
1. The number m is evil. Take ℓ = m and j = 0.
2. There are no 0's in w. Then m = 2 a − 1 where 0 < a < i. Note that a = i. If m = 1, then take ℓ = 6 and j = 5. Otherwise, take ℓ = 2 a + 2 and j = 3. 6. w = x01y0z, where |xyz| 1 is even. Take j = 2 |y|+|z|+1 +2 |z| . Then ℓ = m+2 |y|+|z|+1 +2 |z| . Now (ℓ) 2 = x10y1z. We can see |x10y1z| 1 is even, so ℓ is evil.
7. w = x0y01z, where |xyz| 1 is even. Take j = 2 |y|+|z|+2 +2 |z| . Then ℓ = m+2 |y|+|z|+2 +2 |z| . Now (ℓ) 2 = x1y10z. We can see |x1y10z| 1 is even, so ℓ is evil.
With the help of this lemma, we can compute the discriminator for the sequence of evil numbers.
Theorem 8. For the sequence of evil numbers, the discriminator D ev (n) satisfies the equation
Proof. The cases n = 1, 2, 3, 4 are left to the reader. Otherwise, let i ≥ 2 be such that 2 i < n ≤ 2 i+1 . We show D ev (n) satisfies the given equation. There are three cases presented in the equation:
Case 1: n = 2 i + 1 for odd i ≥ 2. We must compute the discriminator of ev(0), ev(1), . . . , ev(2 i ) = 2 i+1 + 1. By Lemma 7, for each m < 2 i+1 − 3, there exist evil numbers j, ℓ with 1 ≤ j ≤ l ≤ 2 i+1 + 1 with ℓ − j = m. So the numbers ev(0), ev (1), . . . , ev(2 i ) cannot be pairwise incongruent mod m for m < 2 i+1 −3. Note that for odd i ≥ 2, the only evil numbers in the range [2 i+1 − 3, 2 i+1 + 1] are 2 i+1 − 1 and 2 i+1 + 1, easily observed from their binary representations. We can see that 2 i+1 − 1 ≡ 2 (mod 2 i+1 − 3) and 2 i+1 + 1 ≡ 4 (mod 2 i+1 − 3), where neither 2 nor 4 are evil. All the other numbers in the sequence ev(0), ev (1), . . . , ev(2 i ) are less than 2 i+1 − 3, and thus it is clear that 2 i+1 − 3 discriminates ev(0), ev (1), . . . , ev(2 i ).
Case 2: n = 2 i + 1 for even i ≥ 2. We must compute the discriminator of ev(0), ev (1), . . . , ev(2 i ) = 2 i+1 + 1. Just as in the previous case, Lemma 7 ensures that the numbers ev(0), ev (1), . . . , ev(2 i ) cannot be pairwise incongruent mod m for m < 2 i+1 − 3. For even i ≥ 2, we can see that both 2 i+1 − 3 and 2 i+1 − 2 are evil from their binary representations. Neither of them can discriminate the sequence since m mod m = 0 for either m = 2 i+1 − 3 or m = 2 i+1 − 2, while 0 is evil. Thus the discriminator must be at least 2 i+1 − 1. Since neither 2 i+1 − 1 nor 2 i+1 are evil, we can see that each of the numbers ev(0), ev (1), . . . , ev(2 i ) are all less than 2 i+1 − 1 except the very last, which is 2 i+1 + 1 = 2 mod (2 i+1 − 1), where 2 is not evil. Therefore, it is clear that 2 i+1 − 1 discriminates ev(0), ev (1), . . . , ev(2 i ).
. From the previous two cases, we know that D ev (2 i +1) is either 2 i+1 − 3 or 2 i+1 − 1. Since the discriminator is nondecreasing, we know D ev (n) ≥ 2 i+1 − 3. We can see that the sequence ev(0), ev(1), . . . , ev(n − 1) must include ev(2 i + 2) = 2 i+1 + 2, the next evil number after 2 i+1 + 1. We then observe that
where the numbers 3 and 5 are evil. Therefore, the discriminator must be at least 2 i+1 . It suffices to show that 2 i+1 discriminates E 2 i+2 = {ev(0), ev (1), . . . , ev(2 i+1 − 1)}. Now from Lemma 2(c), we have
If we now take both sides modulo 2 i+1 , we see that the right-hand side is just E 2 i+1 ⊔ O 2 i+1 , which represents all integers in the range [0, 2 i+1 ). Thus we have D ev (n) = 2 i+1 = 2
4 A k-regular sequence whose discriminator is not kregular Proof. We use the characterization of the discriminator sequence D sq (n) given above in Section 1. Suppose D sq (n) is k-regular. Then from Theorem 1 (c) we know that the sequence A given by A(n) = D sq (n) mod 2 is k-regular. From Theorem 1 (b) we know that the sequence F (n) = A(n)D sq (n) is k-regular. From Theorem 1 (a) we know that the sequence B(n) = 2 − 2A(n) is k-regular. From Theorem 1 (a) we know that the sequence E(n) = F (n) + B(n) is k-regular. It is now easy to see that for n > 4 we have
Thus E(n) takes only prime values for n > 4. We now argue that E(n) is unbounded. To see this, it suffices to show that there are infinitely many indices n such that D sq (n) is prime. By Dirichlet's theorem on primes in arithmetic progressions there are infinitely many primes p for which p ≡ 1 (mod 4). For these primes consider n = (p − 1)/2. Then 2n = p − 1 is divisible by 4 and hence not twice a prime, but 2n + 1 = p. Hence for these n we have D sq (n) = p = 2n + 1, and hence
Finally, we apply a theorem of Bell [5] to the sequence E. Bell's theorem states that any unbounded k-regular sequence must take infinitely many composite values. However, the sequence (E(n)) is unbounded and takes only prime values for n > 4. This contradiction shows that D sq (n) cannot be k-regular.
Discriminator of the Cantor numbers
Consider the Cantor numbers (C(n)) n≥0 0, 2, 6, 8, 18, 20, 24, 26, 54, 56, 60, 62, 72, 74, 78, 80, 162, 164, 168, 170, 180, . . . which are the numbers having only 0's and 2's in their base-3 expansion. This is sequence A005823 in Sloane's On-Line Encyclopedia of Integer Sequences. It is 2-regular, as it satisfies the recurrence relations
We have the following conjecture about the discriminator sequence D C (n) of the Cantor numbers:
If true, this would mean that D C (n) is also 2-regular.
Self-discriminators
In this section we change our indexing slightly. i > t + 1: Suppose d i = s i for all i > t + 1, and, to get a contradiction, let i > t + 1 be the smallest index for which s i − s i−1 ∈ {1, 2, . . . , t}. We cannot have s i = s i−1 because the sequence (s i ) i≥1 is strictly increasing. So d i = s i ≥ s i−1 + t + 1. But then the sequence (s 1 , s 2 , . . . , s i ) is also discriminated by s i −(t+1), a contradiction. So s i −s i−1 ∈ {1, 2, . . . , t}, as claimed.
For the other direction, assume s i − s i−1 ∈ {1, 2, . . . , t} and d i < s i . Then s i mod d i = s i − d i < t, a contradiction. On the other hand, s i mod d i = 0, which is not an element of s, so d i discriminates s 1 , . . . , s i , as desired. Corollary 12. For 1 ≤ t ≤ n, the number of length-n finite sequences, beginning with 1, 2, . . . , t but not 1, 2, . . . , t, t+1, that are self-discriminators is t n−t . Hence the total number of finite sequences of length n that are self-discriminators is 1≤t≤n t n−t .
Proof. Suppose s 1 , s 2 , . . . , s t are fixed. If t = n, there is exactly one such sequence. Otherwise s t+1 is constrained to lie in {t + 2, . . . , 2t + 1}, which is of cardinality t, and subsequent terms s i (if there are any) are constrained to lie in {s i−1 +1, . . . , s i−1 +t}, which is also of cardinality t. There are n − t remaining terms, which gives t n−t possible extensions of length n.
Remark 13. The number of finite sequences of length n that are self-discriminators is given by sequence A026898 in Sloane's On-Line Encyclopedia of Integer Sequences [14] .
